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GARDNER'S DEFORMATIONS OF THE BOUSSINESQ EQUATIONS 



ATALAY KARASU AND ARTHEMY V. KISELEV 

Abstract. Using the algebraic method of Gardner's deformations for completely 
integrable systems, we construct the recurrence relations for densities of the Hamilto- 
nians for the Boussinesq and the Kaup-Boussinesq equations. By extending the Magri 
schemes for these equations, we obtain new integrable systems adjoint with respect to 
the initial ones and describe their Hamiltonian structures and symmetry properties. 



Introduction. In this paper we consider the most efficient way to prove the complete 
integrability of evolutionary systems. Namely, we apply the method of Gardner's de- 
formations PQ-jH! to the Boussinesq and Kaup-Boussinesq equations. By construction, 
the deformations consist of the (multi-)Hamiltonian scaling non-invariant parametric 
extensions S e of the original systems So and the parameter-dependent Miura transfor- 
mations £ £ — > Sq. Inverting the Miura transformations from the new systems, one 
obtains the recurrence relations for the infinite sequences of densities of the Hamil- 
tonian functionals. We improve the result of Kupershmidt in |3| by showing that the 
sequences of conserved densities for the Boussinesq equation satisfy two different re- 
currence relations simultaneously. We demonstrate that the extended equations must 
not necessarily interpolate (as it is assumed in jjj) between the equations So and the 
modified systems that provide the canonical factorizations for the higher Poisson struc- 
tures [S]. The recurrence relations we obtain are inherited by the modified Boussinesq 
and Kaup-Boussinesq [TU] equations. 

Next, we separate the flows at the deformation parameters and determine the adjoint 
Boussinesq equations whose Magri schemes are coupled with the non-extended ones. We 
show that the new systems are also integrable. 

The examples discussed in this paper are essentially used in the general algebraic 
approach to the problem of Gardner's deformations and integrable extensions of the 
Magri schemes. This approach is based on the notion of coverings over PDE ^1] and 
their parametric families constructed using the Frolicher-Nijenhuis bracket [T^irEfllTi] . 
This will be the object of a subsequent publication. 

The paper is organized as follows. In section Q we obtain two Gardner's deformations 
for the Boussinesq equation using the dispersionless case as the starting point. 
We specify the adjoint Boussinesq systems and discuss their integrability. In section |2] 
we construct the deformation of the Kaup-Boussinesq equation and describe the bi- 
Hamiltonian adjoint system. 
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1. The Boussinesq equation 

First we consider the Boussinesq equation with dispersion and dissipation, see 

U t = V x + aU xx , V t = U xxx + UU X - aV xx , aeR. (1) 

We note that for any a system (JTJ) is transformed to the equation U tt = {U xxx • (1 + 
a) + UU X ) , which is scaling-equivalent to the Boussinesq equation u tt = (u xxx + uu x ) x 
whenever a ^ -1. Therefore for a ^ — 1 equation ((H) is reduced to the Boussinesq 
equation 

u t = v x , v t = u xxx + uu x . (2) 

In the sequel, we consider the problem of Gardner's deformation for system (J2J). 

Next, we observe that a Gardner's deformation for (j2J) (and for the Kaup-Boussinesq 
equation ((7|) as well) is obtained from the deformation of the dispersionless reduction by 
adding higher order terms to the equations S £ and to the Miura transformations S £ —>■ Sq. 
Indeed, the zero order terms in the conserved densities, which are obtained recursively 
by inverting the Miura substitutions, originate from the relations for the dispersionless 
systems. The deformation for the dispersionless Boussinesq equation has been described 
in [Ej; it corresponds to the case a = —1 in ((H). Using this result, we construct two 
deformations for (J2J) and get two distinct recurrence relations for both sequences of the 
conserved densities. Thus we improve the result of [3], where a recurrence relation for 
only one sequence was obtained. The adjoint Boussinesq equations that appear in the 
extended systems are the by-products of our reasonings. 

Theorem 1. There are two deformations £f for the Boussinesq equation (J2J. Both of 
them are Hamiltonian w.r.t. the structure 



D x 
D x 



(3) 



H±(e) = \u 3 + \v 2 + e 3 ■ ( i« 3 + \ulv ± \u x v 2 ± \ul 



and the functionals with the densities 

— U + -V 2 + L , _ , _ 

62 V6 2 x 2" 6 

respectively. 

The deformed equation is 

ut = v x + £ 3 ■ (u x u xx + u xx v + u x v x + vv x ) , 

= Uxxx 4" UU X £ ■ (u xx ~\~ U X U XXX + U xxx v + 2u xx v x + u x v xx + v 2 x + vv xx ) . (4) 

The Miura transformation from £f to @ is 

u = u — 2eu x + 2e 2 ■ {u xx + v x ) + e 3 • (uv + uu x ), 

v = v - 2ev x + 2e 2 ■ (v xx + u xxx + uu x ) + e 3 ■ (^u 3 + v 2 + uu xx + vv x + u x v 



: tr + -u x + u x v + u x V 



- 2, 4 ■ (u x u xx + u x v x + u xx v + vv x ) + e 6 • (^ 3 + I 

The deformed equation £~ is 
ut = v x + e 3 ■ (u x u xx - u xx v - u x v x + vv x ) , 

Ut = Uxxx "I" uu x + e ■ (u xx + u x u xxx u xxx v 2u xx v x u x v xx + v x + vv xx j . (5) 
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The Miura transformation from S e to (J2J) is given through 



u = u + 2eu x + 2e 2 ■ (u xx — v x ) + e 3 ■ (uv — uu x ), 



+ 2e 4 • (u x u xx - u x v x - u xx v + vv x ) + e b ■ ( ^v 3 - ^u x + u 2 x v - u x v 2 ) . 



„~,3 , ~2~ ~ „~2 



Extended equations (jlj) and (jSJ) consist of the original Boussinesq flows and the adjoint 
flows at e 3 , which will be further discussed in more detail. The Poisson structure (J3j) 
for the extended equations together with the Miura transformations 8^ — > Sq in- 
duce jH] the Poisson structures Ai^fe 3 A 2 for Boussinesq's equation (J2J), here Ax is given 
through (J3J) and 



Ao 



( 8D 3 X + uD x + D x ou 
3vD x + 2v x 



3vD x + v x 
D 5 x + 5- (uD 3 x + D 3 ou) — 

- 3 • [u xx D x + D x o u xx ) + uD x o u 



are its first and second structures, respectively (see [5] and references therein). The 
Hamiltonians for the extensions are inherited from the original functionals, which 
are described in Proposition^ below, by using the Miura substitutions. 

Proposition 1. The densities of Hamiltonian functionals for the Boussinesq equation 
can be obtained using two different recurrence relations, which are 



u = u, v = v, ux = ±2u x , 

Vx = ±2v x , u 2 = 2u xx =f 2v x , v 2 = 2v xx =F 2u xxx =f 2uu a 



XL, 



k+e= n -3 



±2D x (u n - 1 ) - 2D x \u n - 2 ) =F 2D x (v n _ 2 ) + ^ | -u k v e =F u k D x (u e ) 
n > 3, 



d 3 = ±2D x (v 2 ) t 2D x (ux) - 2D 2 x (vx) =F [uD x (u x ) + Uxu x ] 

1 3 2 

— —it — v — uu xx =f uv x =F u x v, 



v,, 



±2D x (v n -x) T 2Dl(u n ^) - 2Di(v n . 2 



l2/~ 



=F ^ 2UkD x (Ui) - ^ 7^UkUeU m 
k+£=n-2 k+e+m=n-3 

+ ^2 i^kVi — UkD 2 x (ut) =F UkD x (vi) =F D x (u k )v t 

k+£=n-3 

+ £ 2 

fc+£=n-4 

n = 4,5 



±D x (u k )D 2 (ui) + DJu k )DJvg) + D 2 (u k )vi ± v k DJv t 
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±2D x ,(iVi) =F 2D 3 x (u n _ 2 ) - 2D 2 x (v n _ 2 ) 

=F 2j 1u k D x {ut) - 2J ^u k u t u m 

k+£=n-2 k+£+m=n-3 



+ ~~ u k D 2 x (u e ) =f u k D x (v e ) =F D x (u k )vi 

fc+£=n-3 
fc+£=n-4 



k+i+m=n— 6 

- Dx(u k )D x (u e )v m + DJu k )v(V ri 



n > 6. 



TTie ambiguity of signs of the differential terms does not affect the nontrivial conserved 
densities u% k andv^ k . The densities with subscripts 3k+l, 3k+2 are trivial for all k > 0. 

The recurrence relations listed in Proposition^ are also valid for the Hamiltonians of 
the modified Boussinesq equation j5] which are obtained using the Miura substitutions 
to (J2J). The modified fields themselves do not start these sequences of conserved densities 
and thus cannot be regarded as their negative terms w_ 3 , t>_ 3 . 

Further, consider the flow at e 3 in the r.h.s. of equation (jSJ); the second case related 
to (jlj) is analogous. We thus obtain the system 

Wj-j- ^^x I r ^ j x'^'xx r ^ j xx'^ r ^ j x'^x^ 

v T vv xx -\- v x u x v xx 1u xx v x u xxx v ~\~ u x u xxx -\- u xx . (6) 
It is Hamiltonian w.r.t. the structure (J3J) and the functional with density 

TT ^3 2 2 ^ 3 

n = -v H — uv u x v uz.. 

6 2 1 2 6 x 

Note that system (JHJ) is homogeneous w.r.t. the set of weights |w| = 2, \v\ = 3, |r| = —5, 
|x| = —1. We claim that equation (jHJ) admits two infinite sequences of Hamiltonian 
symmetries (u s ,v s ) = 97 m for all weights \s\ = —(6k + 3 ± 2), k G N> . These flows 
reproduce (with proper modifications) the scheme for the symmetries of the original 
Boussinesq hierarchy. Namely, they are arranged according to the diagram 

<P[i] -> <P[f\ -> <P[i3] <P\&] P[ii] 

The flow yj[ 5 ] is the right-hand side of the adjoint Boussinesq equation (JBJ) itself. The 
two sequences of Hamiltonians for the higher symmetries of © are obtained from the 
functionals for system (jSJ) by separating the coefficients of the highest powers of e. 

Example 1. The components p^ 2 of the symmetry (pp] are 

V[7] vv xxx u x v xxx -\- 2,v x v xx 2 - u x; ;;t' a ; 2: 2,u xxx v x u^ x v -\- u x u^ x -\- 2,u xx u 



XXX ) 



¥[7] — VV/± X u x V\ x + 3v x v xxx 3u xx v xxx + < 2v xx 4:U xxx v xx 3u^ x v x u§ x v 
+ u x u bx + 3u xx u ix + 2u 2 
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The symmetry tp\xx} that succeeds the equation in the hierarchy has the components 

iP[n] = vv 7x - u x v 7x + 4v x v 6x - 4u xx v 6x + 10v xx v 5x - 10u xxx v 5x + I6v xxx v 4x 

- 16u 4x v 4x - I6u 5x v xxx - 10uq x v 2x - 4:U 7x v x - u 8x v + u x u 8x 
+ 4u xx u 7x + 10u xxx u 6x + 16u 4x u 5x , 

ipfn] = wsx - u x v 8x + 5v x v 7x - 5u xx v 7x + 14v xx v 6x - 14u xxx v 6x + 2Qv xxx v 5x 

- 26u 4x v 5x + 16vl x - 32u 5x v 4x - 26u 6x v xxx - 14u 7x v xx - 5u 8x v x 

- u 9x v + u x u 9x + 5u xx ii 8x + 14u 3x u 7x + 26u 4x u 6x + I6uj x . 

2. The Kaup-Boussinesq equation 

Now we construct the Gardner deformation for the Kaup-Boussinesq equation 

u t = uu x + v x , v t = (uv) x + u xxx . (7) 

Theorem 2. The integrable extension £ £ of the Kaup-Boussinesq equation (J7J) is the 
system 

u t = uu x + v x + e ■ (uu xx + u 2 x + (uv) x ) , 

vt = (uv) x + u xxx - e ■ {2u x u xx + uu xxx + u x v x + uv xx - vv x ) . (8) 
System (jHJ) is Hamiltonian w.r.t. the structure (jHJ) and the functional 

TC(e) = I (-u 2 v H — v 2 u 2 x H — e ■ \uu 2 x + 2uu x v + uv 21 \ \ dx. 

The Miura transformation S £ — > So is given through 

u = u + e ■ (u x +v), v = v + e ■ [uu x + u xx + uv + v x ) . (9) 
The recurrence relations upon densities of the Hamiltonian functionals for (JJJ) are 
u = u, v = v, u k = -D x {u k -x) - Vk-X, 

v k = -D 2 x {u k -x) - D x (v k _x) - [ut D x(um) + u e v m ] , k > 0. (10) 

£+m=k-l 

Relations (|10j) do not produce any auxiliary trivial conserved densities. 

Relations (jl(Jj) provide the formulas for the Hamiltonians of the (twice- and thrice-) 
modified Kaup-Boussinesq equations ^U] . The modified fields are conserved; neverthe- 
less, we note that they are not obtained from the Hamiltonians for ((7j) by the Miura 
substitutions and that the modified fields cannot be used as the negative terms in the 
general scheme of (|10|). 

Substitution Q provides the canonical factorization of the trivially extended Poisson 
structure A\ + 2eA 2 for the Kaup-Boussinesq equation, where Ax is defined in (J3J) and 

a ( D x \D x ou 
2 ~\\u D x Dl + \D X o v + \vD x 

The two sequences of Hamiltonians, see (fTUj) . for the deformed Kaup-Boussinesq equa- 
tion (jHJ) are inherited from the original functionals for the Kaup-Boussinesq equation (j2J) 
by using the Miura substitution (J5J). The correlation between the higher flows for (jHJ) 
and the symmetries of (j7J) is standard, see jS] and references therein. 
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Taking the flow at e in extension (jHj), we obtain the adjoint Kaup-Boussinesq equation 

u T = uu xx + u 2 x + u x v + uv x , 

v T = - (2u x u xx + uu xxx + u x v x + uv xx - vv x ) . (11) 

System (Jllj) is bi-Hamiltonian w.r.t. two compatible local Poisson structures Ti and T 2 , 
where ri is (j3J) and 

/ D x o u x + D x o v \ 

T 2 = n n —u xx D x — D x o u xx — (12) 

\ - - //,• ° «x / 

We conclude that the adjoint Kaup-Boussinesq equation (fTTj) is completely integrable. 

Remark 1. Both Poisson structures Q and ()12|) for (|11|) are of differential order 1. 
This indicates that the system can be further extended with a higher order symbol 
such that its complete integrability is preserved. The situation is analogous to the 
Gardner extension of the Korteweg-de Vries equation we recall that the extension 
of KdV resulted in the dispersionless modified KdV equation whose Poisson structures 
are of order 1. 

Remark 2. The 'minus' Kaup-Boussinesq equation u t = uu x + v x , v t = {uv) x — u xxx 
admits a unique real quadratic extension 

u t = uu x + v x + e ■ (uu xx + u 2 x ) , 

^ = (uv) x - u xxx - e ■ (u x v x + uv xx ) - e 2 ■ (u 2 u xxx + uu x ii xx + u 3 x ) . (13) 
System (JT3j) is assinged by the first structure © to the Hamiltonian 

Ti'(e) = [ ( -u 2 v H — v 2 H — u 2 + e ■ uu x v H — e 2 ■ u 2 u 2 ^] dx. 
J V2 2 2 2 / 

The invertible Miura transformation from the deformed equation to (J7J) is 

{u — u, v = v + euu x } <^=^ {u = u, v = v — euu x }. (14) 

The recurrence relation obtained from (fT4^) provides only the Casimirs Judx and J v dx; 
all the conserved densities are trivial if k > 0. Therefore deformation (J13H14)) of the 
'minus' Kaup-Boussinesq equation is trivial. 
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